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“test). The objective of this effort was to develop a quantitative

EVALUATION

In-the-house 1nvest19ations indicated that the fom'lation of
sequential probability ratio tests (SPRTs) based on the structure of
nonparallel accept, reject lines with truncat‘lon eons‘lderat'lons cou'ld
have advantages over the more conventioneﬂy structured parallel line
form of SPRT (the SPRT is the most widely used re‘l'labﬂity demonstration

methodology to evaluate test plans based upon nonparallel structures
This objective was met. Not only is the methodology developed capable
of evaluating this case, but in add'ltion. it is capab'le of pmvid'lng

for a direct analytical evaluation of the more conventional SPRTs. The

procedure developed, in fact, appears to be more efficient and cost-

effective than procedures present‘ly in use for this purpose. Besides
the dissemination of the report to potential users, follow-on activity é
is currently in progress to: 2

a. Include the methodology as part of the "RADC Compu-Standards

Program” (a computerized compendium of procedures intended to implement
and support reliability and maintainability standards and handbooks). ]

b. Utilize the methodology to develop new types of reliability g
demonstration tests (based on the nonparallel SPRT structure) for 3
proposed use in MIL-STD-781 (Reliability Demonstration) revisions. '

c. Utilize the methodology in-the-house to custom design

reliability demonstration tests for specific procurements.

feues 1

JEROME KLION
Project Engineer

vi
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1. INTRODUCTION

5 We consider the problem of reliability testing when the
‘% E failure tiuq is exponential with mean time between failures (MTBF)
e, viz,

1

. £(tle) = gexp(-t/8), tz0, ©>0. (1)

i Such a test traditionally takes the form of testing the hypothesis

g v Hgt: &= %

i &
GEJ because of the one-to-one relationship between reliability and
MTBF.

1 4 Sequential and truncated sequential tests (see below) for this
) f problem have been studied widely in the literature; see, e.g. {1
v Wald (1947), Epstein and Sobel (1954), Weiss (1953), Anderson (1960), ;

"bodll and Kurkjian (1962), Aroian (1963, 1976) and Raghavachari
(1965). The purpose of these investigations has been to study the
Operating Characteristic (0C) and Expected Test Time (ETT) func-

tions for the test. Becauge of the practical advantages of trun-

cating a sequential test at some prespecified point, MIL-STD-781B

gives several such plans for reliability testing. These plans

were developed using the work of Epstein, Patterson and Qualls (1963). 1
Because of the lack of exact results, studies in the litera-

ture on such truncated tasts have not dealt with the effects of ;

changes in the truncation region or decision boundari:s on the

quantities of interest such as the producer's risk (a), the con-




o

sumer”s risk (8), the expected test time (ETT) and the expected
number of failures (ENF). This type of information is usually
needed for trade-off studies when selecting a test plan. The pur-
pose of this report is to investigate how and to what extent a, B,
ETT and ENF are affected when the truncation point, the truncation
region, or the intercepts and the slopes of the decision boundaries
are varied in a meaningful way. In this study we use some newly
developed exact results (see Appendix A) for this purpose.
These results are analytically tractable, and provide a computa-
tionally economical procedure for conducting the above sensitivity
analyses.

We use primarily Test No. 3 of MIL-STD-781B (1967 as a basis
for sensitivity studies. Some analyses for other test plans
are also presented.

A brief description of the truncated sequential probability
ratio test is given in Section 2 and the results of the study are

presented in Sections 3 through 6.

N




| B 2. TRUNCATED SEQUENTIAL PROBABILITY RATIO TEST

The truncated sequential probability réti.o ﬁest conéiats of
sequentially observing the times to failute. tl'tZ"“" and plot-

ting the cumulative number of failures versus the cumulative failure
4 time until the accept or reject region is reached. Let (31,32....)
and (il,iz. ...) be two sequences of predetermined, non~-negative
i : ’ Y =y i 3 e~y
| constants such that A;<R; for all i. ‘Also, let A, =Ry, at
" N*<e and A, <R; for all i<N*. Then for the exponential case

| §
‘ the truncated sequential probability ratio test is as follows,
; ;

continue testing if Ry < Wﬁ< AN '
(3)

accept H, if Wyaag,
reject H, if W< Rgr
where

W= )ty (4)

(5)

e, (6)

e - o TSR



Note that Ay and Rﬂ are points on the acceptance and rejection
boundaries respectively. - QLB TR S e d

In general, the accept and rejact :u.nn. rupoctivoly. prior
to the truncation region, can be vm.i.t.tcn a8

-m-..-..h,miu 3. s oy i3 inuo  was L
ae

T = —hl,*',sll,, & 1k &1 ‘ .- (8)
where

N is the cumulative number of failures,
T is the cumulative failure time (in multiples of ).

sl(sz’ is the slope of the reject (accept) line.

For obtaining the truncation region, as shown in Pigure 1,
we proceed as follows:

(i) Draw a line OL from the origin O such that its equation
is T=SN, where, letting d = eo/el}

s=5  (in units of ‘0 (9

o’

(ii) Choose a truncation time T* which will be the maximum

allowable time for testing. 1In this :study we require that the

quantity -'1;1 be an integer. If the specified values do not

; yield an integer, we round off T* to make %-a* . an integer.
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(iii) Draw a horizontal line from N=N* and let B and M
be the points where it intersects the reject line and the line oL,
respectively. ‘

Then the truncation region BMA is as shown in Figure 1.

With these boundaries, the test will stop with eiti;er accep~
tance or rejection by test time T*. Also, the maximum number of
failure will be N*. .ohviously. the test can stop anyt:lfﬁe prior
to reaching eitlffe"f "N* .or T*. Note that ‘in this set up a mject
decision can ‘he m.de only Qt failure tz.mes. while an accppt decision
can be made at any time between failures. !

The proeedure for ohtaxning ;he oc and ETT functiohs in based
‘P ? on computation of . (wie) , the probability of be:.ng at w at the

time the Nth observatwn is taken and prev;.ous (N=1) observat.i.ons
are in the continuation zone.; 'l‘ha.s is achievud by applydmg a simple
property of the exponent.tal distrxbut:.on. It turns out t.‘hat-

fN (wi®e) is a polynomial of a lower degree and its de@ree depends

on the location of w with respect to Ai s AR, briefu_ descrip-

tion of this procedure is given in Append:.x A.

s R L S i R R e




be pa:allel.

as described in Section 2.

regions for specified @, B, d and T*.

is g:.vcn by N* =-T:-
obtai.ncd from thc speciticd va.lues of d and 'r*
to find hl' h

3. DESIGN OF TEST PLANS

In this section we inv‘cstig-ate the design of the truncated SPRT

The purpose is tp derive the decision
For purposes of dui.gn we

take the acceptance and rejectxon line:, ptior tc truncation, to

'rhezr slope depends only on the dxscrimina.ti.on ratio

and is given by s-ﬂ—‘f I-'or agiven d and T* , 8* is known and

T Thus. t:he truncation po:.nt (T*.N*) is readily

uow it rminc

2 that w111 satiafy ar B as closcly as poniblc.

FPor this, we use an itetative procedurc as fcum:

(i)

(i)

[ (141)

obtain Wald boundaries for cpecified a and 8 from

(20)

(11}

(12)

- &,

1=

where a

and b = (13)

Compute exact risks a”, B° for these boundaries with
truncation region determined by T* and N* using equatiopn
(A-2) of Appendix A. :

Choose new values of h; and h, as follows: .,

: =ty
n g St o
[‘t i‘o

in a=a

) a

b
1

(5

(1'3'




i
5

-sn a wap? i i os Tl
i e g ‘B"r‘[\_'_r-'-'—i-) '—1—%5—] (1s)

'(iv) compute new o', 8' for the hl' h2 from ltcp (111) ‘and
| eompare these values with the desired ) g . It the “
difference is within deured accuracy. say, .01. we are
' done. If not. go pack to step (ii:l), ‘ ‘
ror illustration, we éonsider the design of plans siuilar
to Test No. 3 in uzn—sm—nm (1967) 'l'he deured valuoc of ;
risks and discrimination ratio are q-a =.10 and d-O /91-2

Let the apecified value of truncation time be T*=11 (1n units of
©,). Then 5=4B2 . 603 ana N*=15.87. Since we want N+ to
be an integer, we round off N* to 16 and.takg T* =16 x .693=11.09.
The truncation point becomes (11.09, 16). Using the iterative

procedure given above, we get
hy=2.55, h;=2.37, o' =.098, B'=.104
and the lines become

Accept: T ==2.55+0.693N, and

Reject: T = 2.37+0.693N.

' Now, suppose we take N*=15, Then T#=1S5x .693=10.4 and
the iterative procedure gives h =2,55, h1-3 03, o'=.100, and
B'= .100 s :

It shbuld be pointed out that these houndaries, obtained by

using our exact method»} are different from the bonndariel of Test
No. 3 in MIL-STD-781B.

ol




4. EFFECT OF TRUNCATION POINT

An important reason for truncating the usual Wald SPRT is to

insure that the test does terminate by the truncation time T*. The .

choice of T*, however, will effect the performance of the test. 1In

this section we investigate the effect of varying the truncation

time T* and the corresponding values of N* ou the foilowing quantities: g
: %nuedueorﬂg risk (a), consumer's risk (8), ETT at 8,, 8,, and (8,+6,)/2, g
sﬂ ih.i”“;;tad’;umber of fuilnres (ENF) at Qo, o1 and (9°+91i/2. As a
basis for this study, we take Test No. 3 Of n:n—srn-bhln k1957>. The

specitigd risksrotc -ﬁut thio tcst-a:o

a “B = .16, 0/61 - 2, N* = 16, hl = 1. 75& h * 2 20

ke

!he%value-ofir*iis given by '

f*.f N* .S

¥

| en °o/° ; T
9’ : | g% = N* - -—77-—-I (1n mnltiples of eo)

- -'16(!n;2)&5311.6§r“.” -

«!bt<pu:pOCQl of this ntudy. we vary N* from 13 to 19. The values
of T* for each N* are calculated Irom Equltﬁon (16) and the resulting

boundaries for these cases are shown in Figure 2. Results of the
computations for a, 8, etc. are given in Table 1. From this table
we note that o and g monotigally decrease as N* changes from 13 to

19 (T* changes from 9.01 to 13.17), o« decreases by 12.9% while the




TOTAL NUMBER OF FAILURES,N

=

-1.78

AG2

o 220 ool D040 ure =it
TOTAL TEST TIME, T

DECISION BOUNDARIES WITH A VAR?iNG TRUNCA*nm POINT
¢s. =s, =0.693, h, =1.75, h,=z 20) :
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" 4 (g i

i . -raam 1
vawzs or nzsxs n-u:.. roa mxous -rnwcm-xou ’
roms ('rzs'r §o. 3)

Sl’,lgl 75, hz-z 3 90/01-2 : sedq'.ss?_?f :

T; EfTat |  ENRat
~ | ot . g
Nusber W*:© T¢ g7 B | O Tz @ f @ TF—

13 '9.01 .154 .115|4.96 5.24 3.72 4.9 6.99 17.45
24 9.07 149 111 s;'és? s. 33" " 3.7905.05 7.19 7.8
15 10.40 .14 .109[5.13 5.53 3.85|5.13 7,37 1.70
16 11.09 .141 .107]5.19 s. 64 3.89 '5.10 7.52 1.79
17 11.78 .138 .105|5.24 5.74 3.93|5.24 7.65 7.87
18 12.48 .13 .104|5.28 s.83 '3.97|5.28 7.77 7.93
19 13.17 .134 .102]5.32 s5.90 3.99|5.32 7.87 7.98

N o v s w N poa 1t




decrease in § is 11.3%. This decrease in o and 8 is obvious from

the fact that the continuation zone gets larger as N* is increased
and hence there is a reduced chance of committing errors of both
kinds. However, this rodgction 1h’c and 8 is at the cost of increas-
ed ETT and ENP»as secn:in Table 1. Bbth'8£ theb;‘Quahtitics increase
by 7.2% when N* is changed from 13 to'is. In order to get a visual
picture of thése changes; séiected fesulti from Tabio 1l are shown

in Figure 3.

‘To see fﬁrtﬁer hoﬁ changes in the truncation point effect
results for .othe'?x: test plans, we consider Tests No. 2 and 5 from
MIL-STD-7818 (1967). FPor Test No. 2, a=$=0.20, d=1.5,

1 =227, h,=2.79 and u*-19‘.7 'me results for N* from 16 to 22
(T* from 12.97 to 17.84) are summarized in Table 2. We see that

) ' h

as N* is changed from 16 to 22, ‘g decreases by 48.3‘. p decreases

by 4.8% and ETT at 6, increases by 8.4%, while ETT at ‘.°o*°1’/2
increases by 10.7%.

For Test No. 5, ¢=8=.10, d=3, h; =0.91, h,=1.29 and
N*=7. The results for N* from 4 to 10 (T* from 2.20 to 5.49)
are given in Table 3. In this case, as T* increases from 2.20
to 5.49, o and 8 decrease by 47.8 and 46.2% respectively, while
ETT at eo increases by 57.8%.

{ Similar results for test numbers 1, 4, 4a, 6, 7, 8 and 9

g are given in Tables 4, 5, 6, 7, 8, 9 and 10 respectively.
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| TABLE 2
| m OF 'RISKS, ETC., FOR VARIOUS 'rnméciu-:on

g

i ; o POINTS (TEST NO. 2)
; (h1'20‘427: h2=2.79, dalé, Szo,?ril)

¥ iR

i X f
i -3ut % e
= ETT at . ENF at

v ¢ A o
i 6.+6, / )
/

No. N* T* 2 8 C _%__.]% 1

: 0
Py - " 09,

-

N i o

16 us'r 0.26 0.21]7.27 7.29 6.11|7.27 8.75 9.20
17 '13 79 0.26 0.21]7.41 7.46 6.25[7.41 8.9 9.38

18 14.60 305.25 0.217.53 7.61 é354 7.53 9.14 9.53
15,41 ‘0,25 0.21]|7.64 7.7% 644 7.64 9.30 9.66
: ¥ %

~ a\ PR BT SR v N ."
[
Vo]

E‘ ¥ ) &
A4S, . 20 15.22 §.25 0.2017.73 7.9§ 6.53 7.73 9.44 9.78
j : ; 4 .}‘; : $ L)
21 17.03 0.24 0.20)7.81 7.97 6.587.81 9.57 09.88
| 22 17.84 0.24 0.20 |7.88 8.07 6.64[7.88 9.68 9.9
| : :
t £ ‘r» 1
i | 5
4| "
5 i
: ,14

SRR T it T e o g X aic
et b s Sk 2 VT AT R 2 N
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TABLE 3 4
VALUES OF RISKS, ETC., FOR VARIOUS TRUNCATION :
POINTS (TEST NO. 5)

(h;=0.91, h,=1.29, d=3, §=.549) ;

; - ' ! =) . ETT at
964-81

|No. N*  T* e B L2 e, | ©

2.20 0.23 c\la 1.42 1.31 0.90] 1.42
2.75 0.19 0.11 172 1.65 1.091.72
3.29 0.16 0.10]1.92 1.90 1.22]1.92
3.84 0.14 0.09|2.05 2.09 1.30f2.05

4.39 0.13 0.08|2.14 2.23 1.35|2.14

W ©® N O v oa

4.94 0.12 0.08| 2.20 2.34 1.39| 2.20

N 60 v A W N e

10 5.49 0.12 0.07 | 2.24 2.42 1.41|2.24

15
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TABLE 4
VALUES OF RISKS, ETC., FOR VARIOUS TRUNCATION
POINTS (TEST NO. 1)

(h1=4.4. h,=4.42, d=1.5, §=0.81)

2

ETT at

9°+61
2

1
2
3
4
5
6
7
8
9

L I = R
w N = O

18.61
18.87
19.13
- 19.37
19.61
19.84
20.05
20.26
20.46
20.66
20.84
21.02
21.19




VALUES OF RISKS

POINTS (TEST NO. 4)

TABLE S

, ETC., FOR VARIOUS TRUNCATION

=1.04, d=2.0, S=.693)

2
ETT at ENF at
e +o e +8
o'"1 o1
.24 1.76] 2.30 2.98 3.%2
2.35 1.84]2.39 3.14 3.67
2-“ 1.89 2.46 3025 3-17
2.49 1.92| 2.50 3.33 3.84
2.54 2.53 3.88

1.94

3.38
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TABLE 6
VAIUES OF RISKS, ETC., FOR VARIOUS TRUNCATION

POINTS (TEST NO. 4A)
(h,=0.89, h,=0.98, d=3.0, §5=0.55)

0.

N* T* o ]

®

ETT at
bt o
)

Ql‘

L)

ENF at

-Og+91
2

®

2
3

4 .

1.10 Of293 0.168

-1.65 0{209‘ 0.161

2.20 0.159 0.158

0.88
1.17
1.34

0.81 ' 0.59
1.15 0.87
1.38  1.05

0.88
1.17
1.34

1.22
1.72
2.07

1.76
2.61
3.16
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'TABLE 7
VALUES OF RISKS, ETC., FOR VARIOUS TRUNCATION
POINTS (TEST NO. 6) '
" ETT at " ENF at
: : 1 : s e ¢ ;
1 2 0.80 0.19 0.109|0.58 0.55 0.33|0.58 0.91 1.64
2 3 1.21 0.152 o0.101|0.66 0.65 0.38|0.66 1.09 1.88
3 4 1.61 0.137 0.098|0.69 0.70 0.39]0.69 1.16 1.97
4 5 2.00 0.132 0.097|0.70 0.72 0.40|0.70 1.20 1.99
s 6 2.41 0.131 0.097]0.70 0.73 0.40|0.70 1.21 2.00




TABLE 8
VAUES OF RISKS, EIC., FOR VARIOUS TRUNCATION
pomTs (TESTMO. 7)
(hl-a.xo n, = 162,,4-1 5. seb81)

P e ﬁat e Tt ENF at i
po. w ™ & B .| 9 :9';:; o 55 B 7 ’e‘%:‘l ot |
T g v ;
1 3 2.43 0.438 0.295|2.01 1.88 1.69
12 & 3.2 o0.407 0.287}2.61 2.47 2.21
3 5 4.05 0.382 0.279]3.09 2.94 2.62
la 6 4.87 0.3 0.213]3.47 3.32 2.9
| 5 7 5.68 0.349 0.268)3.77 3.63 3.20:
6 8 6.49 0.337 0.264|4.02 3.89 3.41]4.
{79 730 0.328 0.261|4.21 4.09 3.57




VALUES OF .RISKS, ETC., FOR VARIOUS TRUNCATION

POINTS (TEST NO. 8)

(h;=0.86, h,=6.0, d=2.0, §=0.69)

7
ks

.T* VV}G"‘ ﬁ

i 3

L @40y .
i ol s

5 4" &R £

" ENF at_

g, AR 5(1 o 0

8
4

1,39 0.362 0.287

0.94  0.89 0.77
1.25  1.24 1.12

0.94 1.18 1.53
1.25 1.65 2.25
1.48 2.05 2.93

2,77 0.215 0.339

lo“ ;-54‘ 1'46,

g




TABLE 10

VALUES OF RISKS, ETC., FOR VARIOUS TRYNCATION

b POINTS (TEST NO. 9) ;
P (h; =2.0, h,=3.12, d=1.25, “S=0.893) 4
PIT at . ENF at
0,.+6 e, +0
01

§.3 0.410 0.384 |3.81 3.79 3.70 [3.81 4.21 4.62
6.25 0.386 0.394 |4.26 4.27 4.19 |4.26 4.74 5.24
7.14 0.365 0.403|4.65 4.69 4.63 |4.65 5.21 5.78
8.03 0.347 0.412/4.99 5.07 5.01|4.99 5.63 6.26
10 8.93 0.331 0.419|5.29 5.39 5.35[5.29 5.99 6.68
11 9.82 0.317 0.4265.55 5.68 5.64 |5.55 6.31 7.05
12 10.71 0.305 0.432)5.77 5.93 5.89|5.77 6.59 7.37

w © N o
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5. EFFECT OF CHANGING TRUNCATION REGION

The truncation regions considered so far have been of the
type described in Section 2. From a practical point of view, it
is useful to know the extent to which the performance of the test
is affected by changing the truncation region. Towards this end,
in this section we study the effect of changing one of thejtruncation
boundaries on risks, ETT and ENF for Test No. 3. We take N* = 16
corresponding to a T* = 11.09 and vary another truncation ﬁoint
Q from 16 to 10 to generate new rejection boundaries asfshéun\in
Figure 4. thé éhaéhr* fs kept constant at 11.09. As befére;?the
values of a, B, ETT and ENF are computed for each case and areugiven
in Table 1l. Wb notxce that as Q is changed from 16 to 10, a in-
creases from .141 to .155, an 1ncreasevot 9.9% and 8 decreases from
.107 to .101, a decrease af 5. 6%. The ihc:éase in o is cauled‘by
the fact that the reduction in the continuation region and an in-
crease in the rejection region leads to an increased number of re-
jections. B decreases because as Q is decreased, there is a decreas-
ing chance of accepting eseo when in fact‘eée1 Also, we see that
ETT and ENF both decrease, loadznq to an carlier and cheapar test
stoppage because of the reduced continuatxpn zone. Some selected
results from Table 11 are shown in Figure 5. Thus, we see that by
judiciously reducing the continvation zone, we can cut down the

test effort and the consumer's risk at the cost of a somewhat high-

er producer's risk.
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TABLE 11
EPFECTS OF CHANGING TRUNCATION REGION
7 _ ON RISKS, ETT AND ENF (PLAN NO. 3)
ol g(hl-},75. By=2.20, N#=16, ©0/0,=2, §=0.693)

oy 2 et | i P e

oS B ¢ ETT at ENF at

;

16 1%.09 £y ;7 5.19 9 3.89( s.19 7.79
155 11.09 .14l .161 5.19 3.89 | 5.19 7.79
14 1109 ; .143 .106| 5.18 3.87| s.18 7.75
13 1,09 .45 .l05| 5.17 3.85| 5.17 7.70
12 11,09 .48 .104( s.15 | 3.82| s5.15 7.65
11 11.09 .52 02| 5.13 3.79| 5.13  7.58
10 11.09 .155 .lol} 5.11 3.75] S.11 7.50
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6. EFFECT OF CHANGING INTERCEPTS AND

SLOPES OF DECISION BOUNDARIES

; E The nature of the continuation region in a SPRT has a signifi- i
; | cant effect on the performance of the test. Changes in the inter-

%i cepts and slopes of the decision boundaries will undoubtedly effect l
%. : a, 8, ETT and ENF. In this section we investigate the nature and

s iy

extent of the effect of changing hl' hz' sl' and 82 on a, 8, ETT and

ENF. As a base point, we keep the truncation point at N* = 16 and Q
T™ = 11.09. The slopes of the acceptance and rejection lines are :
changed from .6 to .8 while the corresponding intercopﬁs are changed ?
k from 1.65 to 1.85 and from 2. 1 to 2.3, respectively. Four of these
| boundaries are shown in Figure 6. | 4

Let us first consider the effect of changing h, (1 65 + 1.85),
h2 (2.1 + 2.3), and S, (0,6 e 0.8) uh;le keeping s, conotqgt at
0.7. The results corresponding to these values are given 1n Table 12.

i In order to appreciate the effect of h,, hz and 5,, we shov the

| values of a, 8, ETT at 8q andfﬁﬂt at 91 at the 8 corners of a cube 3
in Figure 7. We notice that the most significant effect is on o due | 3
to a change in sl’ the slope of the rejection line. This risk in- ;
creases roughly two-fold for all combinations of h, and h,. Obvious~- f
iy such a large increase is caused by a'nignificant increase in the
size of the rejection zone. . Also, note that corresponding to this

increase in a, there is a decrease in 8 and in ETT. Again the reason
is the same as for the increase in a.

Next, we study the effect ¢of changing 81 and 82. keeping all
other factors constant. The results from this case are given

in Table 13. Again we see that for constant sz, 81 has a very §

27
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EFFECTS OF CHANGING INTERCEPTS AND SLOPES OF DECISION
BOUNDARIES ON RISKS AND ETT (PLAN NO. 3)

(N* =16, T*=11.09, ao/a1 =2)

ey T ) e 5 B o 4 SN AN A B oG o AR

TABLE 12

Ett at
, 1
Number hl h, S; S, o B © 5 e,
1 1.65 2.1 0.6 0.7 .10 .12} ‘5.4 6.39
2 .85 2.1 06 0.7 .09 121 5.53 6.63
3 1.65 2.3, 0O .. .0T - 31 .. 421 5.88 6.79
4 185 2.3 0.6 “0.% .10 .11] 5.98 7.03
5 365 2.1 0w 032/ .25 " D9] 4.32 4.06
6 1485 2.1 0.8 Q.7 .22 ' .10] 4.41 4.41
7 068 2.3 0.8, U7 J6 AN 4.56 4.37
8 1.85 2.3 0.8 0.7 .22 .,08] 4.81 4.74
29
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(.26,.08,4.56,2.76) (.22,.08,4.81,3.04)

[}
(11,11,588,5.03)
|

|
|
|
I
(25,09, 4.1%,2.68) 122,.10,4.41,2.95)

2.l 7
7

(}’ Ve

(.10,12,5.43,4.9) (.09,.12,5.53,530)

L65 1.88

FIG.7 VALUES OF (a.B,ETT AT §, AND ETT AT §))
FOR VARIOUS COMBINATIONS OF h,,h, AND
S| (Sz = 0-7)




| TABLE 13

EFFECTS OF CHANGING SIOPES OF DECISION ndmxss ;
ON RISKS AND ETT (PLAN NO. 3) s

(h,=1.75, h,=2.20, N*=16, T*=11.09; 8,/0,=2)

ETT at
e,+0,

Number s, 5, " 8 e, °2

B e SRS S GETR

1 .6 .6 .08 .16 4.87 5.82

2 .3 .6 .13 .15 4.43 4.80

3 .8 .6 22 .12 3.88 3.82

l 4 .6 A .10 .11 5.71 6.72

5 .7 ", .15 .10 5.20 5.61

E | 6 .8 9 .24 .09 4.49 4.40

7 .6 .8 At .10 6.49 6.38

- 8 9 .8 .15 .09 5.95 6.23

: “ 9 .8 .8 .25 .07 5.15 4.93
!
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significant effect on o . This is seen to be true for all three
values of S, . It is also interesting to note the tradeoffs that
one gets between o, 8 and ETT as S, and §, are changed simul-
taneously while keeping the truncation point unchanged.

In order to study the etfects of changing hl’ hz' s1 and
8, fox: all the plans in uIIr-S'm-7818 (1967), we change these
quant:lties over the appropri.ate regions and com;:ute the resulting
values of g, B. ETT and m 'rhue are given in Tables 14 through
23 for plans 1 through 9 (including 4A) of MIL-STD-781B.
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7. CONCLUDING REMARKS

In this report we have briefly described the truncated
segquential probability ratio test for reliability testing in the
exponential case. Using a newly developed exact method.for the
computations of OC and ETT functions, we have studied how, and to
what extent, the risks, ETT and ENF are affected by changing the
truncation regions and the decision boundaries.

‘This investigation has provided a useful insight into the
behavior of quantities of interest (a, B8, ETT, ENF) as the test
region is systematically varied. Th; study also presented a
framework for exploring alternative decision regions to conduct

tradeoff studies between a, B, ETT and ENF.
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APPENDIX A
EXPRESSIONS FOR EXACT RISKS AND ETT

In this Appendix we give expressions for the exact computations
of the producer's risk (u.), the consumer's risk (B.) and the expect-

ed test time (ETT) for reliability testing using a truncated SPRT.

Let Ty, Tps oo be independent, identically distributed ex-

ponential random variables with parameter 8. We want to test the

hypothesis
Ho: e = eo
vs. Hy: 6 =8, (64 > el)

by using a truncated SPRT.
; N ;
Let fN(wle) be the pdf of Wy = 121ti provided that we did not
=

stop testing before the Nth sample and that the parameter value is 6.

Then it can be shown that
| : ( ( -
f.(wje) = [T I.(w)e.g.:(w)] exp(=w/0) -6 ",
N i=e (N-1) N'i N7i (A-1)

where e(N-1), NIi(w) and Ngi(w) are defined as follows.

(1) e(N-1) = min{i: A, > RN-l}

(ii) ﬁ : (w) for i = e(®=1)
[Ry_1/2e(n-1)]

I (w) for e(N~1l) < i < N
NIi(W) n{ [Ai_l,Ai)

I[AN-1’°)(W) for i = N

\
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FIG. A-l BOUNDARIES FOR A TRUNCATED SPRT .
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N
where “hi, j is given by the following c:;p:oni_onl.

Ne2

2 b oo ot
By, 1% Ry Dy fdeall, o Wy .8yl

N22
(a) i=e(N-1), jJ=1
3
N-e(N-1) N-1, ‘“'1,
""e(n-u,l' jil Re(n-1) .3 '

(b) e(N-1) < i < N-1, j=1

A ,
e(N-1)
e o p-1900  ax
T Rga et
i-1 -'Aj ‘.
+ I 19 (x
jme (N-1)+1 {‘3-1 B33
(N-1)#i+1 @a, ;)7
4+ z N-lhi 1-1 4
3=1 i

N-1 Aj

A
NhN 1= °Jm'1) N-19(X) dx + I
. RN 5 e(N-1) j=e (N-1)+1

(d) e(N-1l) < ij_‘N-l r 283 S N-i+ 2

N-lh
h o il (i‘l)
i,3 3-1
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It can be shown that the progibi"iitji of accepting Ho when the
value of the parameter is 6 is

N-1

Pyl 10) = ()

Now, the expressions for a'. B. and ETT can be obtained as

" N*
a =1 ;.n-z-1 pu(gélto) l

8 -..t.l p,(nolel) ;
BTT(0) = [Aanmole) + [ w fu(WIO) sdw (A-3)
_ Ry-1
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